We present a first look at the spectroscopy of SU(4) gauge theory coupled to two flavors of Dirac fermions in the two-index antisymmetric representation, which is a real representation. We compute meson and diquark masses, the pseudoscalar and vector meson decay constants, and the masses of six-quark baryons. We make comparisons with large-Nc expectations.
I. INTRODUCTION
The limit of QCD-like theories in which the number of colors N c is taken to infinity [1, 2] has a long history of applications to QCD phenomenology. Despite the large size of the expansion parameter 1/N c = 1/3, large-N c models of some QCD quantities have been quite successful [3] [4] [5] [6] [7] [8] [9] . There is also broad interest in the subject outside of direct application to QCD. Many extensions of the Standard Model, such as composite Higgs models, contain "QCD-like" sectors, built from some non-Abelian gauge group and fermions in various gauge representations. In addition, such theories can also appear as "hidden sectors" from grand unified theories or string theories [10] [11] [12] , leading to potential dark matter candidates.
Nonperturbative properties of these systems, such as the symmetry breaking pattern, the value of the fermion condensate, or that of some decay amplitude, often feature prominently in their phenomenology. Often, large-N c extrapolations based on experimental QCD data are the only analytic way to estimate their values. Lattice studies can provide a rigorous, non-perturbative way to calculate strongly-coupled properties in a particular theory of choice. However, since the space of interesting models remains vast and poorly constrained, an interesting alternative approach is to use lattice input in order to constrain and study the large-N c expansion itself, allowing more general statements to be made.
There is a substantial body of work on pure gauge theories at large N c , summarized in a recent review [13] . There are a number of studies of gauge theories coupled to fundamental-representation fermions. Meson spectroscopy in these systems shows reasonable N c independence, and simple matrix elements, such as the pseudoscalar meson decay constant, show their expected scaling with N c . These studies span the range 2 ≤ N c ≤ 17. Ref. [14] is a recent study of meson spectroscopy and decay constants.
Baryons in large N c are equally interesting. They can be analyzed as many-quark states [15] or can be taken to be topological objects in effective theories of mesons [16] [17] [18] [19] . Large-N c mass formulas for baryons have been presented by the authors of Refs. [6, [20] [21] [22] [23] [24] . An old review [25] summarizes much of this classic work.
We are aware of five lattice-based comparisons of baryon spectroscopy that have relevance to large-N c considerations. The first [26] is a comparison of lattice Monte Carlo data for N c = 3 baryons to large-N c formulas. There are also three related studies at N c = 3, 5, and 7, comparing quenched spectroscopy with N f = 2 flavors of degenerate valence quarks [27] ; spectroscopy with N f = 3 flavors (two degenerate ones and a heavier strange quark) [28] ; and comparing the N f = 2 data to baryon chiral perturbation theory [29] . Finally, Ref. [30] reports calculations of quenched baryon spectroscopy in SU (4) . The results of these studies all conform to large-N c expectations.
A. Large-Nc in the antisymmetric representation
The large-N c limit of 't Hooft, with N f fixed and the fermions taken to be in the fundamental representation of the gauge group, is not the only possible large-N c limit of QCD. One can also imagine putting the fermions into the two-index antisymmetric representation [31, 32] (denoted AS2 henceforth). For N c = 3, this representation is equivalent to the conjugate of the fundamental representation.
There is a lively literature associated with this class of theory (see for example [24, [32] [33] [34] [35] ). In this alternative expansion, fermion loops are not suppressed at large-N c , leading to somewhat different predictions for QCD quantities in the large-N c expansion; a recent review with emphasis on properties of baryons is given in [36] . Interesting equivalences to supersymmetric YangMills theory in the N c → ∞ limit have been observed for theories with AS2 fermions [37] [38] [39] [40] , related to the orientifold equivalence between gauge theories with all two-index representations in the large-N c limit [41] [42] [43] . Finally, the behavior of this class of theories at finite baryon density has attracted some theoretical interest [44, 45] . Since the AS2 representation of SU(4) is real, lattice simulations of this theory at finite baryon density can be performed with no sign problem.
Members of this family also play a role in composite Higgs studies. For example, the Littlest Higgs model [46] relies on the non-linear sigma model SU(5)/SO (5) . A possible ultraviolet completion is any confining gauge theory with 5 Majorana fermions in some real represen-tation. The most economical way to realize this scenario is an SU(4) gauge theory, where the AS2 representation is real. The SU(5)/SO(5) sigma model is also central to the more recent composite-Higgs models of Refs. [47] [48] [49] . In particular, Ref. [48] makes the case why the SU(4) theory with AS2 fermions is the most attractive candidate within this approach, whereas Ref. [49] elaborates on the phenomenology of this composite-Higgs model. In this paper, we study the SU(4) theory with two flavors of AS2 Dirac fermions (equivalent to four Majorana fermions). This theory can be simulated using the standard Hybrid Monte Carlo (HMC) algorithm, whereas study of the theory with 5 Majorana fermions would require the more expensive rational HMC algorithm. We compare spectroscopy of this theory to already-published fundamental-representation spectroscopy for N c = 3, 5, 7, as well as to large-N c expectations. We do this at a single value of the bare gauge coupling, in the confined and chirally broken phase of our lattice action.
All previous large-N c studies using lattice gauge theory that we are aware of were performed in the quenched approximation. For study of the large-N c limit with AS2 fermions, quenching is less justified than for fermions in the fundamental representation, since the AS2 fermion loops remain important as N c → ∞. The SU(4) simulations we present therefore use dynamical fermions.
We compare our results to the SU(3) gauge theory, where the AS2 representation is simply the3. For this comparison, we use our own dynamical-fermion data sets in the SU(3) theory, roughly matched in simulation volume and lattice spacing to previously published quenched ones. The dynamical fermion masses in the simulations are not so light that there are appreciable differences with our quenched SU(3) data set, but of course dynamical data sets are better justified than quenched ones.
The comparison of N c = 4 to N c = 3 allows a first, though limited, test of large-N c scaling for AS2 fermions. It is limited because we only have two N c 's, and so it is hard to make more than a qualitative statement: that large-N c arguments do or do not seem to work. To see why this is so, consider the case of baryon spectroscopy. In large-N c the mass of a baryon is characterized by a set of terms, proportional to powers of N c and to other invariants. Specifically, the baryon mass including dependence on the angular momentum is given in lowest order by the rotor formula [17, 20, 50] ,
N b is the number of quarks in the baryon, and m 0 can be interpreted as a constituent quark mass. Now we proceed to the body of the paper. Section II collects some useful group theoretic results about AS2 fermions in the SU(4) gauge theory, and their special symmetries. We present the lattice action and a new discretization issue in Sec. III. The choice of parameters used in these simulations was made after a scan of the bare parameter space (bare gauge coupling and hopping parameter). This scan revealed some of the phase structure of this system, which we present in Sec. IV. We describe our methods for obtaining spectra in Sec. V, and display tables of the resulting meson and baryon spectra. We then plot these results and offer comparisons among the SU(4) AS2 theory, the SU(3) theory, and quenched SU(3), SU(5), and SU(7) theories: for mesons in Sec. VI and for baryons in Sec. VII. Finally, Sec. VIII makes some phenomenological observations, summarizes our results, and suggests future directions.
II. GROUP THEORY AND SYMMETRIES
In this section we discuss the symmetry aspects of AS2 fermions in SU(4), specializing to N f = 2. In Sec. II A we review some basic properties of real and pseudoreal representations, and how they are reflected in symmetries of the Wilson-Dirac operator and meson/diquark propagators.
In Sec. II B we turn to global symmetries. The pattern of chiral symmetry breaking in SU(4) AS2 is different from that in SU(3) gauge theories with fundamentalrepresentation fermions, because the AS2 fermions live in a real representation of the gauge group. The usual breaking pattern, [51] [52] [53] . There are 2N 2 f + N f − 1 Nambu-Goldstone bosons (NGBs), nine in all for N f = 2. A consequence of reality is that, in addition to meson (qq) and baryon states, there are also diquark states. Symmetries associated with the fermions' reality means that all diquark correlators are identical to corresponding meson ones. For example, the diquarks are needed to fill out the NGB multiplets. The nine NGBs consist of three isotriplets: one multiplet is qq, one isand one isqq.
The global symmetry of the N f = 2 AS2 theory is thus SU(2N f ) = SU(4). After dynamical symmetry breaking, the unbroken symmetry is SO(4). We elaborate on this symmetry breaking pattern, focusing on how the two invariant SU(2) subgroups of SO(4) are realized. As an example, we classify the 9 Nambu-Goldstone bosons under the unbroken symmetry. In Sec. II C we recall the equivalence between the AS2 representation of SU (4) and the vector representation of SO (6) . We use this equivalence to introduce the color-singlet state of 6 AS2 fermions, which is fully antisymmetric in its color indices. The remainder of the section explains why the six-quark baryons are the interesting baryonic states, and describes how we construct baryon operators.
A. Symmetries of real and pseudoreal representations
We begin by recalling how basis states of the AS2 irreducible representation are built from color basis states |i in the fundamental representation. The basis states of the antisymmetric representation are
There are N c (N c − 1)/2 basis states-six states for N c = 4. Starting from the transformation rule |i ′ = k U ik |k , the AS2 states transform as
2) provides the composition rule for U [ij] [kl] , the link matrices in the AS2 representation, in terms of links U ik which are elements of the fundamental representation of SU(N c ). The AS2 representation of SU (4) is real. Correlators of fermionic bilinears reflect this reality. This is similar to the situation in N c = 2 where the fundamental representation is pseudoreal. As in the case of the two-color theory with fundamental fermions, which was nicely described in Ref. [54] , for any (pseudo)real representation there is an exact identity between a meson correlator and a corresponding diquark correlator,
where u(x) and d(x) are the two flavors of Dirac fermions and Γ is a Dirac matrix. Let us see how this comes about.
The matrix S is defined as follows. A real or pseudoreal irreducible representation is self-conjugate, meaning that there is a quadratic form S such that for two vectors a and b the product a T Sb is a singlet. Demanding invariance under a = U a ′ , b = U b ′ , we find 4) which implies that the Hermitian generators T a satisfy
The entries of S are real, S * = S, and it satisfies S −1 = S T . For a real representation S ≡ R = R T is symmetric, whereas for a pseudoreal representation S ≡ P = −P T is antisymmetric. For the AS2 representation of SU (4), it is realized as
(2.6) (Note that ǫ ijkl = ǫ klij , so S is symmetric as it should be for a real representation.) The matrix C occurring in Eq. (2.3) is the usual charge-conjugation matrix, which satisfies Cγ µ = −γ T µ C, and
We recall that chargeconjugation symmetry acts as
We are now ready to derive the identity (2.3). Consider any fermion action that is invariant under the chargeconjugation symmetry (2.7) when the fermions belong to a complex representation. If we now take the fermions to be in a real representation (S ≡ R), then the fermion action will be invariant under the following discrete symmetry:
Thanks to the reality condition (2.4), the inclusion of R in the fermions' transformation rule makes up for the fact that the gauge field does not transform. For a pseudoreal representation (S ≡ P ), the discrete symmetry is
We may apply the transformation (2.8) [or (2.9)] to a single Dirac fermion. This is unlike the usual charge conjugation (2.7), which acts on the gauge field as well and must be applied to all fields simultaneously. For both real and pseudoreal representations, it follows that the (lattice) Dirac operator satisfies the identity 11) and hence that the fermion determinant is real.
B. The unbroken SO(4) symmetry and baryon number
In a gauge theory with N f Dirac fermions in a real representation, the global symmetry is SU(2N f ). After chiral symmetry breaking, the unbroken symmetry is SO(2N f ). These statements are most obvious when the theory is formulated in terms of Majorana fermions. Invariance under the transformation (2.8) allows each Dirac field to be broken up into two Majorana fields, with no mixing in the action as long as there are no mass terms. The number of independent Majorana (or Weyl) fields is N Maj = 2N f , making the global symmetry SU(2N f ). The fermion condensate is a Majorana-fermion bilinear which, for a real representation, is symmetric in its color indices. As the expectation value of a scalar operator, it is antisymmetric in its spin indices, and so it must be symmetric in its (Majorana) flavor indices. It then follows that the unbroken symmetry is SO(2N f ) [51] [52] [53] .
Since we elect to work with two AS2 Dirac fermions (instead of four Majorana fermions), we should understand how the SO(4) unbroken symmetry is realized on them. SO(4) is doubly covered by SU(2) × SU(2). We will now work out how the two SU(2) groups act on our Dirac fermions. As we will see, one of the SU(2) groups may be identified with isospin, while the baryon number symmetry becomes a subgroup of the other SU (2) .
We start with the observation that SO(4) is the symmetry group of the three-sphere S 3 , which in turn can be identified with the SU(2) group manifold viax = x 4 + i In order to keep track of the SU(2) transformation properties it is convenient to rearrange the four real coordinates into two complex ones. We choose
(The minus sign in front ofx † is introduced for convenience below.)
The transformation properties under leftmultiplication are now obvious. The left column of thex matrix is an SU(2) doublet (φ 1 , φ 2 ). Denoting this doublet as Φ α , the right column is Φ ′ α = ǫ αβ Φ * β , which again transforms in the fundamental representation of SU (2) .
Next, in order to obtain the behavior under rightmultiplication we consider the left-action of h on −x † . We read off the right-multiplication doublets: (−φ * 1 , φ 2 ) from the left column of −x † , and (−φ
1 . We now turn to our AS2 theory. The role of real coordinates is played by Majorana fermions, whereas that of complex coordinates is played by Dirac fermions. What takes the place of complex conjugation is the transformation (2.8). We may arrange our two Dirac fermions, u and d, as well as their anti-fermions, in complete analogy with Eq. (2.13),
Motivated by this arrangement we will refer to the leftmultiplication SU(2) as isospin symmetry, and to the right-multiplication SU(2) as custodial symmetry. It goes without saying that the two SU(2)'s play a similar role, and the only "preference" for the left-multiplication doublets is in our notation. The isospin and custodial symmetries get interchanged by u ↔ −RCū T , which is basically the discrete symmetry (2.8) applied to the u quark only.
4
Let us take a closer look at the custodial-symmetry generator σ 3 . With reference to Eq. (2.13), its action on the second row ofx, which is the multiplet (φ 2 , φ * 1 ), is δφ 2 = φ 2 and δφ * 1 = −φ * 1 , or δφ 1 = φ 1 . Thus φ 1 and φ 2 transform with the same phase. A translation to the language of Eq. (2.14) is that the custodial σ 3 is just the baryon number. In a two-flavor theory of complex-representation fermions, the unbroken symmetries are isospin and the U(1) of baryon number. In our case, the U(1) is enlarged to a second SU(2) that we call the custodial symmetry, whose two other generators thus raise or lower the baryon number. Now that we have understood the unbroken symmetry structure, let us consider a few simple applications. As a first exercise, one can show that the transformation (2.8), when applied to the u and d fields simultaneously, is in fact an element of SO(4). Indeed, consider Ψ → −iσ 2 Ψ iσ 2 , which is a simultaneous rotation in isospin and custodial SU(2). This is just u → RCū T , and the same for d.
We next turn to the NGBs. Start with the familiar triplet of pions:dγ 5 u,ūγ 5 d, andūγ 5 u −dγ 5 d. Now let us apply a custodial rotation of the form exp(iθσ 1 ). Thenūγ 5 d rotates into a linear combination of itself, of d T RCγ 5 d, and ofūγ 5 RCū T . The last two are respectively a diquark and an anti-diquark, each belonging to an isospin-1 multiplet. It follows that there are indeed 9 NGBs, which fall into 3 isospin triplets: one made of diquarks, one of anti-diquarks, and one of quark-antiquark pairs.
C. SU(4) ↔ SO(6) correspondence and the six-quark baryon
In this subsection we first work out in detail the identification between the AS2 representation of SU (4) and the vector representation of SO (6) . This allows us to construct a fully antisymmetric color wave function for six AS2 fermions, which will be common to all our baryon states.
In Sec. II A we labeled the components of the AS2 representation by an index pair. We can alternatively introduce a single index a = 1, . . . , 6, with the correspondence ψ 1 = ψ [12] , ψ 2 = ψ [13] , . . . , ψ 6 = ψ [34] . In the ψ a basis the matrix R of Sec. II A takes the explicit form 
The inner product of two AS2 spinors,
is SU(4)-invariant by virtue of Eq. (2.4). We can recover the standard formulation of SO (6) by applying a U(6) basis transformation to the AS2 states. As a first step, we permute the basis elements and multiply one of them by a minus sign, bringing R to the block diagonal form
For a further change of basis, we note that
where z = (1 + i)/2. We denote by Q the 6 × 6 matrix with three blocks of the matrix τ along the main diagonal. Upon performing the basis change
the inner product becomes
The inner product has now taken its standard SO (6) form. Under the same basis change, the AS2 SU(4) generators transform as
Using the properties of the R and Q matrices and Eq. (2.5) it follows that
In the new basis, the generators are antisymmetric (and purely imaginary), as required for the standard basis of SO (6) .
As an application of the above, we can show that the fully antisymmetric six-quark wave function
is gauge invariant (we suppress flavor indices). To prove this, start from 24) where the ψ ′ basis was introduced in Eq. (2.19 ). This operator is clearly gauge invariant, because in the ψ ′ basis the SU(4) elements are mapped to orthogonal SO(6) matrices, and the epsilon tensor in Eq. (2.24) is the invariant 6-dimensional tensor. Going back to the original basis we have
The matrix Q is unitary, and so it leaves invariant the epsilon tensor, up to a factor of det Q = −i. It follows that B ′ = iB, and hence B is gauge invariant as well. We use the fully antisymmetric color wave function (2.23) in the construction of all baryon operators.
D. Diquarks, tetraquarks, and baryons
In constructing states with baryon number, we note first that a color singlet state has to be made of an even number of quarks. Thus we begin with diquarks. As we have seen, the real color representation of the quarks leads to the conclusion that diquarks are degenerate with mesons. Their color wave function involves the inner product (2.16)
where f, g stand for the spin and flavor indices. Because R is symmetric, diquarks have a symmetric color wave function. Viewed through the prism of the nonrelativistic quark model, which puts the two quarks in an s-wave, the product of their spin and isospin wave functions must then be antisymmetric. 6 For (pseudo)scalars, the spin wave function is antisymmetric, and the isospin wave function should be symmetric. Those that are NGBs have I = 1, as seen above. States with higher angular momentum are, of course, also possible. These would include the diquark analogs of (axial) vector and tensor mesons.
The only way to construct a color-singlet tetraquark state is by pairwise contraction of the color indices,
(2.27)
One can permute the spin-flavor indices to derive a total of three pairwise coupling schemes. Linear combinations of these schemes will have mixed symmetry under color, but each term will still factor into two color-singlet diquarks. Moreover, by applying an RC transformation to one quark flavor at a time, one finds that the tetraquarks are degenerate withψψψψ andψψψψ states.
It is an open question as to whether the tetraquark states in this theory will be meson and diquark scattering states, or bound states; we will not study them further here. The first baryonic state that cannot be factored into smaller color-singlet components is the six-quark baryon written in Eq. (2.23). It differs essentially from the various pairwise contractions in that it is fully antisymmetric in color. This makes it similar to the baryon of QCD, and indeed similar to baryons made of fundamentalrepresentation quarks for any N c . Bolognesi [32] has argued that this is the correct baryonic state for studying the large-N c limit of gauge theories with AS2 quarks. In general, he finds that baryons made of N b = N c (N c −1)/2 constituents in the AS2 color representation fit well into a Skyrmion picture. While our construction of the wave function (2.23) relies on special properties of the N c = 4 theory, Bolognesi has given an existence proof for a fully antisymmetric, gauge invariant color wave function for any N c .
E. Interpolating fields
A lattice simulation needs interpolating fields with an appropriate set of quantum numbers. As noted above, since it is fully antisymmetric under exchange, the AS2 color wave function (2.23) is similar to the color wave function of baryons made of fundamental representation fermions. The multiplet patterns are therefore similar as well. The construction of baryon correlators was discussed in detail in a previous work by one of us [27] . Here we give a brief synopsis.
A convenient set of interpolating fields for baryons are operators which create nonrelativistic quark model trial states. They are diagonal in a γ 0 basis. In the case at hand, a generic two-flavor baryon interpolating field made out of k up quarks and 6 − k down quarks can be written as
, (2.28) where summation over all color and spin indices is implied. (We are free to put all the u's to the left of all the d's.) The C's are an appropriate set of Clebsch-Gordan coefficients. The spin wave function of each quark type, u or d, must be totally symmetric.
Next we may take linear combinations of the O B 's to construct operators with definite isospin quantum numbers. For states built of two flavors of quarks all in the same spatial wave function, multiplets are locked in equal values for angular momentum J and isospin I. Thus we have states with I = J = 3, 2, 1, and 0.
The two-baryon correlator must include all nonzero contractions of creation operators at the source and annihilation operators at the sink. For each flavor, this gives a determinant of quark propagators. These must be summed over all the ways that colors can be apportioned between the quarks. For the analog of the ∆ ++ , the state with I = I 3 = J = J 3 = N b /2 = 3, this is a single term. The number of terms increases rapidly as the angular momentum decreases, raising the computational cost of the calculation. (This was an issue for the N c = 7 baryons of Ref. [27] .) Fortunately, N b = 6 is not too large and the calculation always remains manageable.
With baryon number as its third generator, our baryons are highest-weight states of the custodial symmetry. In this paper, we are content with studying these states, and we do not consider the six-quark states with smaller baryon number that would be needed to fill in multiplets of the custodial symmetry.
III. LATTICE ACTION
We define the lattice theory with the usual Wilson plaquette gauge action and with Wilson-clover fermions. The fermion action uses gauge connections defined as normalized hypercubic (nHYP) smeared links [55] [56] [57] . The gauge coupling is set by the parameter β = 2N c /g 2 0 .
We take the two Dirac flavors to be degenerate, with common bare quark mass introduced via the hopping parameter κ = (2m q 0 a + 8) −1 . As is appropriate for nHYP smearing [58] , we fix the clover coefficient at its tree level value, c SW = 1. nHYP smearing introduces a new type of discretization error, peculiar to the real representation of the matter field. Our prescription for smearing the fermion's gauge connection begins with applying the nHYP formulas [57] to the fundamental gauge link, and then the resulting fat link V ik is promoted to the AS2 representation via Eq. (2.2). The problem is that V ik is in fact an element of U(N c ), not SU(N c ), viz.,
where both the SU(4) part U ik and the U(1) phase θ are determined by our smearing recipe. Having its origin in the smearing formulas, this U(1) phase is a discretization effect, and hence it must vanish like some power of the lattice spacing in the continuum limit. 
before calculating observables. (This can be regarded as a partial quenching, since the correction here is applied only to the valence fermions; one may use V ′ for the sea fermions as well, but since we had already generated ensembles without this correction we chose not to do so.)
The new AS2 link V
[kl] satisfies Eq. (2.4) by construction, at the price of being slightly non-unitary. We compared spectroscopy with and without this correction for a 12 3 × 24 data set at one of our parameter values (β = 9.6, κ = 0.1285). The differences turned out to lie well under one standard deviation. We conclude that the discretization error and the partial quenching (3.2) are benign.
Wilson fermions break chiral symmetry explicitly. In the familiar case of a complex representation, the symmetry breaking pattern of the two-flavor continuum theory is SU(2) L ×SU(2) R → SU(2) V . With Wilson fermions, the breaking of SU(2) L ×SU(2) R becomes explicit, and only SU(2) V (and, of course, baryon number) is a good symmetry. While the NGBs become massless when we tune κ to its critical value κ c , full chiral symmetry is only restored in the continuum limit. For κ > κ c one enters the Aoki phase [59, 60] , where one of the NGB fields condenses, and SU(2) V is broken spontaneously.
In our model, the spontaneous symmetry breaking SU(4) → SO(4) of a real representation turns into explicit breaking with Wilson fermions. Only SO(4) is a good symmetry on the lattice, and the full SU(4) flavor symmetry is only recovered in the continuum limit. For κ < κ c the NGBs discussed in Sec. II-mesons and diquarks-acquire a mass. For κ > κ c again one expects to find an Aoki phase. The case of 5 AS2 Majorana fermions (relevant for the SU(5)/SO(5) non-linear sigma model mentioned in the introduction) was recently studied using chiral Lagrangian techniques in Ref. [61] .
IV. PHASE DIAGRAM
As preparation for spectroscopy, we have to find couplings in the confining and chirally broken phase. The phase diagram of Wilson fermion actions in the (β, κ) plane can be complicated, depending on the fermion content and the specific action used [59] [60] [61] [62] [63] . Figure 1 shows the phase diagram we have observed for the SU(4) AS2 action considered in this paper. The curves shown indicate:
1. κ c (β), the critical value of the hopping parameter where the quark mass m q vanishes.
2. κ t (β), the curve of the thermal phase transition. Its location shifts with the lattice size, and two lattice sizes are indicated.
3. κ b (β), the curve of a bulk phase transition that does not move with lattice size.
We discuss each in turn.
A. κc determination
We define the quark mass through the axial Ward identity (AWI), which relates the divergence of the axial current A a µ =ψγ µ γ 5 (τ a /2)ψ to the pseudoscalar density P a =ψγ 5 (τ a /2)ψ. At zero three-momentum we have
where O a is a source, here taken to be a smeared "Gaussian shell" source. The critical κ c (β) line is determined through the vanishing of the quark mass m q . As noted in Fig. 1 , we use several lattice sizes N 3 s × N t . When N t > N s , t labels the usual temporal direction, but when N t < N s , we choose one of the spatial directions to be t in Eq. (4.1) from correlators taken along one of the spacial directions of the lattice (so that the sum over x in Eq. 4.1 includes two directions with periodic fermion boundary conditions and one antiperiodic direction). One example of the κ dependence of the quark mass m q is shown in the left panel of Fig. 2 . The zero-crossing at κ c is apparent, as is a discontinuity in the m q (κ). The latter is a signal of a bulk transition, which we discuss below in Sec. IV C. We note that there is little volumedependence in κ c (β). We plot κ c (β) from all the volumes in Fig. 1 as a black line. 
B. κt determination
The finite temperature transition lines κ t (β) are determined from the behavior of the Polyakov loop L. With AS2 fermions, the Z 4 center symmetry of the pure gauge theory symmetry is broken only to Z 2 and therefore there is a true confinement phase transition in our theory. L = 0 in the low-temperature phase, while in the hightemperature phase L orders along the real axis. Typical scatter plots of the Polyakov loop in the two phases are shown in the left panel of Fig. 3 . The average Polyakov loop as a function of κ at four different β values for a 16 3 × 8 volume are shown in the right panel of Fig. 3 .
The κ t (β) lines for two different volumes, 16 3 × 8 and 12 3 × 6, are shown in Fig. 1 as red lines. The transition moves to weaker coupling as N t increases, as expected from asymptotic freedom.
C. κ b determination
In addition to the temperature-dependent deconfinement lines κ t (β), our system exhibits another transition line κ b (β). Its presence is signaled by discontinuities in several observables, notably the average plaquette and the quark mass m q . We find that the position of the discontinuity is independent of volume. This is a bulk transition associated with the particular lattice action we use; most likely it has nothing to do with continuum physics. The mechanism that triggers the bulk transition is not clear to us. Similar behavior has been observed in other lattice actions, when the number of fermionic degrees of freedom is large [59, 60, 62, 63] . A similar bulk transition has been observed in studies of the SU(4) pure-gauge theory at β ∼ 10.2 [65] .
We have already seen, in the left panel of Fig. 2 , a discontinuity in the quark mass m q at κ ≈ 0.127 as we scan at β = 9.6. The right panel of Fig. 2 shows the average plaquette values for β = 9.6 in three different volumes. All the plaquette data show a sudden jump at the same value of κ.
The transition weakens in the large-β/small-κ region and appears to show only a smooth crossover at β ≈ 10.0. The κ b (β) line, determined on two different volumes, 16 3 × 8 and 12 3 × 6, is sketched in Fig. 1 in blue. Further work is needed to understand the origin of this peculiar bulk transition. For the current study, however, we only need to make sure that our simulation is on the weakcoupling (large-β) side of this transition so that it has a direct connection to continuum physics.
V. SPECTROSCOPY A. SU(4) AS2
Referring to the phase diagram, Fig. 1 , we chose to simulate the SU(4) AS2 theory at β = 9.6 for a range of hopping parameter values 0.127 < κ < 0.130, between the bulk transition and κ c . Our simulation volumes were all 16 3 × 32, and the resulting spectra show that our chosen κ values kept us in the confining phase, κ < κ t . Gaugefield updates used the HMC algorithm with a multi-level Omelyan integrator, including one level of mass preconditioning for the fermions; integration parameters were adjusted to maintain acceptance rates on the order of 70-80%. Gauge configurations were saved to disk every 10 updates. The simulations are summarized in Table I .
The coupling β = 9.6 gives a lattice spacing that is neither too large nor too small. For comparison with other theories, we fix the lattice spacing using the shorter version [66] of the Sommer [67] parameter r 1 , defined in terms of the force F (r) between static quarks: r 2 F (r) = −1.0 at r = r 1 . The real-world value is r 1 = 0.31 fm [68] , and thus Table I QCD. For later comparison, we plot both Sommer parameters for our simulations in Fig. 4 . In addition to the simulations listed in Table I , we used the κ = 0.129 lattices as a set of configurations on which we computed partially quenched (PQ) spectroscopy with four values of the valence quark mass, κ V = 0.1295, 0.130, 0.1305, 0.131. These data sets used the full complement of κ = 0.129 configurations. Of course, their lattice spacing is the same as that of the κ = 0.129 set.
The correlation functions whose analysis produced our spectroscopy used propagators constructed in Coulomb gauge, whose sources were Gaussians. We used p = 0 point sinks. We collected sets for several different values of the width R 0 of the source. These correlation functions are not variational since the source and sink are different. We begin each fit with a distance-dependent effective mass m eff (t), defined to be m eff (t) = log C(t)/C(t + 1) consistent with open boundary conditions for the correlator C(t). Because our sources and sinks are not identical, m eff (t) can approach its asymptotic value from above or below. We mixed data with different values of R 0 to produce correlators with relatively flat m eff (t), which we then used in a full analysis involving fits to a wide range of t's. For more detail see Ref. [27] .
Our resulting data are shown in Tables II, III, and IV.  Table II shows the AWI mass and meson masses and decay constants. The pseudoscalar and vector meson decay constants, whose definitions are given in Eqs. (6.1) and (6.2) below, are given with lattice normalization for the fermion fields. The conversion to continuum numbers will be described below.
We also measured the masses of the J = 0 and J = 1 diquarks using nonrelativistic quark model interpolating fields, diquark analogs of the operators we used for baryons. Their masses are, as expected, degenerate with those of their mesonic partners. Tables III and IV give the baryon masses and mass differences. These are computed together: a jackknife average of correlated, single-exponential fits to all four masses is performed and the differences are collected. This insures that the average mass difference is indeed the difference of the average masses. Since the data sets for the different angular-momentum states are identical, the uncertainty in the mass difference is usually smaller than the naive combination of uncertainties on the individual masses. These fits are over the range 5 ≤ t ≤ 10. We have checked that fits over nearby t ranges are consistent within uncertainties with these results. We omit results for κ V = 0.131 because the uncertainties in the baryon masses, especially the J = 0 baryon, are very large.
B. SU(3) fundamental
We also generated a data set for SU(3) gauge fields coupled to N f = 2 fermions in the fundamental representation. We did this for two (related) reasons. First, the SU(4) data sets include dynamical fermions, and so we felt that our comparison to N c = 3 ought to be dynamical-to-dynamical. Second, all previous large-N c comparisons were of quenched data sets. While quench- ing is not the state of the art, at the quark masses at which we work one might expect quenching artifacts to be small. A direct comparison seemed to be in order, and we found (as expected) that quenching effects indeed were small. This will be seen in the figures. Again, we used the clover action with nHYP links and c SW = 1. The lattice volume was again 16 3 × 32 sites. We chose a gauge coupling β = 5.4. We saved configurations every five HMC trajectories. Parameter values are shown in Table V. Table VI shows mesonic observables from the dynamical SU(3) simulations, while Table VII shows baryon masses and mass differences. These numbers are taken from a jackknife average of the data sets with a fit range 5 ≤ t ≤ 10.
VI. COMPARISONS: MESONS
We have presented our results for meson and baryon spectra and also for meson decay constants in the SU(4) AS2 and SU(3) theories in Sec. V. In this section and the next we will plot and rescale them for comparison (3) simulations. The number labels the angular momentum of the state:
with each other and with the quenched SU(N c ) theories, N c = 3, 5, and 7.
A. Spectroscopy
We plot the data for the pseudoscalar and vector meson masses in Fig. 5 . To set the scale, we use the Sommer parameter r 1 , and for the quark mass we use the lattice- regulated AWI quark mass, scaled by r 1 in the plots.
We display several data sets together. The new ones are the SU(4) AS2 sets, shown in red (crosses for the full dynamical sets and fancy diamonds for the partially quenched ones), and the dynamical SU(3) sets (blue squares). The black squares, diamonds, and octagons are previously published data from quenched simulations with N c = 3, 5, and 7 with fundamental fermions [27] .
Masses seem to depend on the quark mass in a way that is reasonably independent of N c and representation. We are, of course, interested in checking for the lack of perfect scaling with N c . To do this, we must somehow match data at different N c 's. This is an inherently ambiguous procedure, but let us make the attempt. We know that hadron masses depend monotonically on the quark mass. We can compare results at the same values of the quark mass by selecting data at constant (m P S /m V ) 2 -this is a quantity which is roughly linear in the quark mass-or we can use the AWI quark mass itself, rendered dimensionless by multiplication by r 1 . These comparisons are shown in Fig. 6 . For both quantities, the theories can be matched over almost the entire range of κ.
We now select matching points for which we have many data sets. Thus we choose to use (m P S /m V ) 2 = 0.54-0.56, 0.40, and 0.29-0.32 as the three ratios. We plot r 1 m V as a function of 1/N c , since we expect the leading corrections to scale with 1/N c . The result is shown in Fig. 7 .
It appears that the systems connected by the original 't Hooft large-N c scaling argument-fundamental fermions-show smaller 1/N c variation than the AS2 systems over the range of N c shown. This is, of course, a soft conclusion because there are only two AS2 data sets, N c = 3 and 4, to compare. While we could plausibly make an extrapolation of the fundamental data for 1/N c → 0, we cannot do that for the AS2 results with only two points. We note that the AS2 data with N c = 4 and the fundamental data with N c = 7 show roughly the same shift compared to N c = 3. This is seen to be the case for all quark mass values (see Fig. 5 ).
B. Decay constants
We define the pseudoscalar decay constant f P S through the matrix element 0|ūγ 0 γ 5 d|P S = m P S f P S (6.1) (so f P S ≃ 132 MeV), while the vector meson decay constant f V of state V is defined as
where ǫ is a polarization vector. With clover fermions in the usual (κ) normalization, a continuum matrix element (carrying dimension D) is defined to be
and in perturbation theory for fermions in representation R the one-loop renormalization factor is
z Γ for nHYP clover fermions is recorded in Ref. [69] as −1.28 for the vector current and −1.30 for the axial current. In the usual tadpole-improved analysis, one might take the coupling from the lowest-order expression for the plaquette, using the fundamental representation Casimir,
For the quenched data sets, the plaquette values (1.787, 2.858 and 3.976) give g 2 C 2 (F )= 2-2.26. In principle, we should run the scale of the coupling from its value for the plaquette, q * a = 3.41, to the values computed in Ref. [69] , q * a ≃ 1.7, but the combination of coupling and z Γ is so small for nHYP fermions that, in all cases, Z Γ is within one percent of unity.
A first determination of κ c was described in Sec. IV. Figure 4 shows that the lattice spacing is rather strongly dependent on κ at fixed β, so one would not expect a naive extrapolation of, say, am q or (am P S )
2 as a linear function of κ would perform particularly well. In fact, it does not; we can imagine doing fits to all four data points, or to the lightest three. Since the fits have a nonzero number of degrees of freedom, we can evaluate their quality. It is poor.
Instead, we focus on the dimensionless quantities r 1 m q and r The estimates of κ c are all quite close. More importantly, the uncertainty in the rescaling between lattice and continuum-normalized matrix elements due to different choices of κ c is under half a per cent at any of the quark masses in our data sets. The plots below assume κ c = 0.13122 and Z = 1. The partially quenched data sets, at fixed β and sea quark κ, should all have the same lattice spacing. We should be able to find a "valence κ c " just by fitting am q or (am P S ) 2 to a straight line. This we do, finding κ c = 0.13137.
The dynamical SU(3) data sets have κ c = 0.12838(9) from a linear fit of r 1 m q in κ. The fit is stable with a χ 2 below 1.1 per degree of freedom for the lowest five masses (or fewer).
We collect our results for f P S and f V in Figs. 9 and 10. We have rescaled all fundamental-representation data by 3/N c , and we rescaled the AS2 data by (3/N c ), to remove the leading expected large-N c scaling, leaving the residual. The dynamical SU(3) data sets agree with the previously-presented quenched sets (at the relatively heavy quark masses where they overlap), and the trend of remarkable N c scaling for the fundamentalrepresentation data contrasts with the AS2 data sets, where the shift from N c = 3 to 4 is about twenty per cent.
It is unclear whether the observed discrepancy would persist to larger values of N c in the AS2 expansion, or if it is peculiar to the SU(2N f ) → SO(2N f ) pattern of chiral symmetry breaking of the N c = 4 theory. The slope of the rescaled r 1 f P S with respect to r 1 m q is roughly 50% larger for the SU(4) AS2 results. Next-to-leading order chiral perturbation theory predicts a larger contribution by a factor of 2 from the low-energy constant L 4 for the SU(4) AS2 data [70] ; however, L 4 itself is usually taken to be small or even zero in QCD, since it is suppressed at large N c (with fundamental fermions) by the OZI rule [71]. 7 The OZI rule, which follows from suppression of quark loops, does not hold for the AS2 expansion [72] and so we might expect a larger slope for f P S vs m q in any AS2 theory compared to the conventional expansion at large N c . Results at larger values of N c with AS2 fermions would shed light on this discrepancy.
VII. COMPARISONS: BARYONS
Our baryon data are shown in Fig. 11 . Unlike mesons, baryon masses depend strongly on N c and representation. Fundamental representation data with N c = 3, 5, and 7 make that point. In the figure, quenched data are shown in black while the blue points are the SU(3) dynamicalfermion data. Again, we scale the lattice masses by r 1 and plot the data versus the AWI quark mass. The SU(4) AS2 masses are shown in red, with octagons for dynamical data sets and fancy diamonds for the partially quenched ones. We have used the same symbols for all states, regardless of their angular momentum, but have connected the states with the same J by lines. The masses of all the states (all N c , all representations) are ordered in angular momentum so that higher J lies higher. Of course, the masses in each set come from the same underlying configurations, so they are highly correlated and move together as the quark mass is varied.
The fine structure in the AS2 data is well represented by the rotor formula, Eq. (1.1). This is shown for one quark mass, κ = 0.1285, in Fig. 12 . Data for the masses of the four different J states are fit to two parameters, m 0 and B. The results of the fit are shown as squares in the figure. Repeating these fits for all masses, we can plot the quark mass dependence of m 0 and B. This is shown in Fig. 13 .
Some drift is observed in Fig. 13 , especially in m 0 , shown in the left-hand panel. This situation for the quenched fundamental data was discussed in Ref. [28] . It was observed that the variation in the data was (noisily) consistent with a 1/N c contribution to m 0 ; that is, common line slightly separated from the N c = 3 data. This is in qualitative agreement with large-N c expecta-
Overall, both m 0 and B are of "typical hadronic size" since 1/r 1 ∼ 635 MeV and r 1 m 0 and r 1 B are order unity. However, they have rather different dependence on the quark mass. In the Skyrme picture, B is the inverse of the moment of inertia, scaled by N b , so that B should be proportional to 1/m 0 . In a quark model with hyperfine interactions mediated by gluons, B is basically a product of color magnetic moments for the quarks, and for heavy quarks, the magnetic moment scales inversely with the quark mass. This suggests B ∝ 1/m 2 0 . A log-log plot of B versus 1/m 0 certainly looks like a power law, with an exponent near unity. This is shown for N c = 3 and 4 in Fig. 14 and for the quenched fundamental data in Fig. 15 .
The overall dependence of the baryon mass M B on the quark mass m q is also interesting to study, since it may be used with the Feynman-Hellmann theorem to determine the baryonic matrix element of the scalar density, if one defines
Multiplying by the ratio m q /M B cancels the renormalization of the quark mass and gives a dimensionless ratio. For the lowest-lying baryon, this quantity would determine the cross section for direct detection through Higgs exchange in the context of a composite dark matter model [30] , in conjunction with the same quantity defined for matrix elements of the proton and neutron [74] . To determine the scalar matrix element, we carry out a linear fit to the quantity r 1 M B as a function of r 1 m q ; the resulting slope is then multiplied by m q /M B at each data point. To suppress possible finite-volume systematic errors, only points with m P S N s > ∼ 4 are used in the fit; this excludes a small fraction of our data.
Results of this analysis are plotted in Fig. 16 . Since in the limit m q → ∞ we expect M B ∼ N b m q , the quantity f (B) q should approach 1 in the heavy-quark limit and 0 in the chiral limit. No definitive conclusion about the scaling of the AS2 points with N c can be drawn, due to the large uncertainties, but the functional dependence is broadly consistent with the fundamental-representation points, and with other lattice results for SU (2) and SU(4) theories with relatively heavy quark masses [30, 75] .
VIII. CONSEQUENCES AND CONCLUSIONS
Comparisons of SU(4) AS2 spectroscopy and matrix elements with fundamental fermion data reveal regularities anticipated by large-N c arguments. Meson masses scale with quark mass in a nearly N c independent way. The change in meson mass at fixed quark mass from N c = 3 to 4 is about the same size as the change in fundamental fermion masses from N c = 3 to 7. Scaling of decay constants seems to be less exact for AS2 fermions than for fundamental ones, but the shift from N c = 3 to N c = 4 exceeds large-N c counting expectations by no more than twenty per cent.
Baryon spectroscopy with AS2 fermions seems to fit well into the large-N c framework, matching well to the rotor spectrum and giving parameters m 0 and B which are qualitatively not that different from the ones used to describe fundamental-representation spectroscopy at similar values of the quark mass.
More complete comparisons of large-N c regularities for AS2 fermions require several N c 's. This allows one to consider a further comparison: With N c = 4, AS2 fermions live in complex representations. The pattern of chiral symmetry breaking is then identical to that of ordinary QCD. It could be that for the behavior of chirallysensitive observables such as f P S , N c = 4 is an outlier compared to N c = 4.
As far as we know, no dynamical simulations of gauge plus fermionic systems on volumes large enough for spectroscopy with N c > 4 have ever been performed. But at heavier quark masses, quenching effects are not large. Perhaps it would be appropriate to imagine a first round of quenched simulations with AS2 fermions. Studies of mesonic properties could be done with modest resources. With N b = N c (N c − 1)/2 quarks in a baryon, they are bosons for N c = 5 (with 10 constituents) and oscillate between fermion and boson at larger N c . But the number of terms in the wave function grows rapidly with N c . Even for N c = 5, the combinatorics of the lower-J correlators seem quite daunting. The six-quark AS2 baryons are almost certainly unstable against decay in the chiral limit, since they can fall apart into three diquarks. Measuring this decay width would be a difficult task in a lattice simulation (as it is for all decay widths). One could observe it indirectly in spectroscopic studies, in the following way: A lattice correlator always couples to all states with the appropriate quantum numbers, and behaves with t as C(t) = n A n exp(−M n t).
(8.1)
Presumably, an interpolating field such as the one we use couples strongly to a single baryon and weakly to a three diquark state. The three-diquark state would have a small A n and a small mass, so it would only appear at large t.
As an example, consider any of our baryons with I = J > 0. Di-quark NGBs have I = 1, and so the decay into 3 such NGBs is allowed by isospin conservation. However, the NGBs have J = 0, meaning that the baryon's angular momentum will have to be converted into an orbital motion. This leads to a kinematic suppression of the decay. The same applies to the I = J = 0 baryon: The isospin state of the three NGBs is antisymmetric, so they will have to be in a spatially antisymmetric state that perforce contains orbital angular momentum. Of course, knowing that the decay actually occurs as a strong-interaction process might be sufficient for phenomenology. For example, in the chiral limit of a model like this, the lightest baryon would probably not be a good dark matter candidate because it would decay into massless NGBs.
As a different generalization of the model we have studied in this paper, we could keep the four-color gauge group as well as the AS2 representation, and vary the number of Majorana fermions N Maj . Whenever N Maj is even we may instead use N f = N Maj /2 Dirac fermions. Reality of the representation then gives rise to a special kind of conjugation symmetry, Eq. (2.8).
8 This discrete symmetry interchanges Dirac fermions with their antifermions, and hence it does not commute with baryon number. As a result, baryon number gets embedded into the enlarged, non-Abelian (unbroken) flavor symmetry of the theory, SO(N Maj ).
As mentioned in the introduction, of particular interest for phenomenology is the N Maj = 5 theory, whose low-energy effective theory is the SU(5)/SO(5) non-linear sigma model. We have begun a detailed study of this model that we hope to report on in the future. 2 . Data shown include quenched fundamental SU(3), SU(5) and SU(7) (black squares, diamonds, octagons), dynamical SU(3) (blue squares), and dynamical SU(4) AS2 (red crosses). We also plot in purple results from [30] for quenched fundamental SU(4), for bare gauge coupling β = 11.5 (fancy diamonds) and β = 12.0 (fancy crosses).
